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Abstract 
The paper presents the results of experimental investigation of damage accumulation in the pre-fracture zone under low-cyclic 
loading, which is three-point bending of a beam with the transverse notch. The following materials are under study: aluminium 
alloys D16T and D16 AT, steels ST3, ST45, and 70G. As a measure of material damage, residual deflection of a beam is used. 
The description of regularity of damage accumulation by the use of inverse power functions is proposed. The basic parameter 
characterizing the resistance of material to fatigue damage has been determined. The effect of preliminary inelastic strain of 
material on its resistance to fatigue damage, as well as the effect of catastrophic overload of the material on its subsequent cyclic 
deformation at reduced loads is studied. The comparison between the experimental data obtained and the theoretical model are 
given.
Keywords: three-point bending, cyclic loading, low-cyclic fatigue, damage accumulation, residual deflection 
1. Introduction 
When structures are loaded in catastrophic mode of operation, localization of irreversible strains occurs in 
regions of stress concentration. This is caused by the geometry of a structure or by the presence of defects (dints, 
holes, cracks, inclusions with mechanical characteristics different from properties of original material). If loading is 
in progressing, repeated loads cause gradual degradation of the material in regions of the localization of inelastic 
strain. As a result, this leads to generation and extension of cracks and to loss of a load capacity of the structure. 
Study of regularities of material degradation in regions of strain localization will permit one to appreciate possible 
structure resources in a catastrophic situation or consequence of failure, which affects subsequent behaviour of the 
structure in a common regime. 
The aim of the present work is experimental study of damage accumulation in the region of inelastic strains near 
the notch tip having a finite width. The edge notch is made on the underside of a specimen in the transverse 
symmetry plane. The beam is loaded by symmetric three-point bending.  
The choice of geometry of a specimen and the type of loading is governed by the following considerations. 
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Under symmetric three-point bending of a beam with the transverse notch, main inelastic strains are concentrated 
ahead of the notch tip where stress concentration occurs. Change of mechanical characteristics of material in this 
region under repeated loadings causes the increase in residual deflection of the specimen. Thus, the amplitude of the 
residual deflection can be used as a measure of damage accumulation in the zone of localization of inelastic strains. 
This provides, from macroscopic phenomena, a possibility for qualitative and quantitative estimating the changes 
directly exhibited by the material due to processes of fatigue fracture. Moreover, in this case, the notch can be 
considered as a model of an edge crack with the blunted tip, and the region of localization of inelastic strains can be 
considered as a pre-fracture zone ahead of the tip of this crack.  
In the performed tests, the effect of various loading conditions,  change in the geometry of a specimen, and 
preliminary plastic strain of material from which the specimens were made on the process of damage accumulation 
were studied. The attempt was made to determine parameters, which may be extended from the particular cases 
considered in the tests, to more general loading conditions. A possibility for description of regularities of damage 
accumulations with the aid of simple analytical functions involving constants just as determined from experiments, 
so specific for every material has been considered.  
The specimens were made from VT5-1 titanium alloy, aluminum alloys D16T and D16AT, steels ST3, ST45, and 
70G just as in the original state, so from preliminary stretched materials with the various degrees of plastic strain.  
The experiments were conducted on machine Zwick/Roell Z100 TC-FR100TL.A4K for material testing. The 
loading was repeated three-point bending with unloading and it was given by travelling of a moveable cross-head 
with a constant velocity. Loading diagrams were recorded at each loading cycle.  
Nomenclature 
P   applied force 
max
P ,  maximum and minimum force values at loading cycle  
min
P
w  deflection of beam  
wδ   increment of residual beam deflection for one cycle 
w*, w**  limit beam deflection under single and cyclic loadings  
N   the number of loading cycles 
N*  the number of cycles at which w** is achieved 
A, B  groups of cycles at which  decreases or increases wδ
aσ   amplitude of pulsing loading 
1mσ   limit of elasticity 
02l ,   lengths of initial and fictitious cracks 2l
1σ +Δ   pre-fracture zone length 
The minimum force of a cycle was  for all the conducted tests. The maximum force of a cycle  was 
considered in three forms: i)  (stationary low-cyclic loading), ii)  was increasing step-
function of  for which the number of cycles at one step was constant (non-stationary low-cyclic loading with 
increasing load), and iii)  was analogous decreasing step-function. The  value in all tests was 
chosen to provide plastic material deformation ahead of the notch tip. Tests under stationary cyclic loadings were 
conducted for different  values in the range from the limit of elasticity to the strength limit of a specimen. 
Besides, tests with different notch depth to beam height ratios were conducted.  
0
min
P ≈
onst
( )N
max
P
max
P c=
x max
P P≡
( )max maxP P N≡
max
P
N
ma
max
P
Increment of the residual deflection  depends on the cycle number. The increment of the 
deflection arises mainly due to mechanical properties of material in a pre-fracture zone near the notch tip, and 
( )w w Nδ δ= wδ
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therefore, as it was said before, it is considered as a measure of damage increment in this zone. The increment is 
considered to achieve the limit w* value if subsequent deflection of the beam proceeds without increase in .P
max
P =
ma
P
2. Experimental results 
2.1. Stationary loading 
Fig. 1 demonstrates, as an example, the experimental diagram represented by curves of beam deflection 
versus applied force in stationary low-cyclic testing a specimen made from 70G steel. The value is sufficiently 
large in order that fracture to happen after the limited number of cycles (in this case, ). This allows one to 
visualize all distinctive features of such diagrams obtained also for other testing materials for different  values. 
Curve 1 corresponds to single loading of a specimen until fracture occurs; group of curves 2 corresponds to cyclic 
loading up to the instant when a crack starts to extend for . Each curve of group 2 corresponds to loading 
branch of one cycle. All the curves of group 2, except the first one, have the initial horizontal section .The 
length of this section is equal to the value of residual deflection accumulated at previous cycles. In this Figure, 
is the distance between adjacent curves of group 2. 
w
wδ
P P
107*N =
P
max
P P<
0
For all materials under investigation, damage accumulation can be divided into two specific stages. The 
first stage (Fig. 1, subgroup Ⱥ of curves 2) is a stage of cyclic strengthening at which decrease in  is observed 
with increase of N. At this stage,  achieves some minimum that is characteristic for the given value of  after 
which the  value becomes constant within the limits of measurement accuracy. The second stage (Fig.1, sub-
group ȼ of curves 2) is characterized by the increase in the  value as N increases, and this stage is accomplished 
by growth of a crack when . Accumulation of micro-defects during the first stage is likely to lead to 
formation of macroscopic defect, which then progresses during the second stage. Therefore, we call the second stage 
as a stage of development of a macro-defect. The ratio between the number of cycles in sub-groups Ⱥ and ȼ and the 
law of  variation depend on material characteristics.  
wδ
wδ
max
P P<
x
wδ
wδ
wδ
Regularity in the residual deflection can be visualized as  diagrams. An example of such diagrams is 
given in Fig. 2 (a). Here pairs of curves are shown with numerals 1–6 for curves, one of the pairs is given by the 
analytical function and the second one is a saw-like profile. Here the saw-like profiles represent experimental 
curves for the 70G steel. The analysis of experimental diagrams shows that curves can be approximated by 
plots of some power functions. These functions are to have asymptotes corresponding to the limits beyond which the 
process described by the diagrams can not take place. That is, the inverse power function with some scaling 
coefficient can be taken as approximating one. Besides, in the general case, both descending and ascending branches 
of the experimental curves should be approximated by different curves. These functions are to have asymptotes 
corresponding to the limits beyond which the process described by the diagrams can not take place. 
( )w Nδ
( )w Nδ
Fig. 1. 
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Fig.2. (a), (b) 
That is, the inverse power function with some scaling coefficient can be taken as approximating one. Besides, in 
the general case, both descending and ascending branches of the experimental curves should be approximated by 
different curves. The connection point of these curves corresponds to the minimum  value. In this case, the form 
of curve, which approximately describes either descending or ascending branch, is unique for all values of .
That is, the curves of approximating functions for all  values can be superposed by parallel shift. Fig.2. shows 
such curves (branches of hyperbolas corresponding to saw-like profiles 1-6). These curves are given by functions of 
the form 
wδ
max
P
max
P
( ) ( )f N N γλ α β −= +  normalized in such a way that the experimental  minimum point  would be a 
connection point of two curves approximating both the descending and ascending branches of the saw-like profile 
( ,
wδ
α β , γ ,  are experimental constants). Curve 7 in Fig. 2(a) approximates the dependence of the minimum 
value on . Curve 6 approximates the geometrical locus of the minimum of saw-like profiles 1-6. Using curves 6 
and 7, the approximated curve of accumulation of residual deflection for any value of  over the range from the 
plastic limit to the breaking point can be constructed. If approximating functions have been defined, then the 
derivatives of these functions calculated for integers of the variable N can be used as a magnitude characterizing 
material damage.  
λ
max
P
wδ
max
P
The form of approximating curves and the ratio between the number of cycles at A and B fracture stages are 
unique, in general, for each material. Materials seem to be divided into groups inside which differences are minimal. 
Thus, the form of diagrams of damage accumulation for all steels being studied is close to that given in Fig. 2(a). 
However, some distinctions are evident. For example, diagrams for steels St3 and St45 are more symmetrical than 
those for more brittle 70G steel. For comparison, the stage of cyclic strengthening A of duralumin, which differs 
from steels by essentially larger grain sizes, is limited to several cycles even for low loads (see Fig. 2(b)). As 
compared with the B stage, the stage A can be neglected. The curves describing the second stage of damage 
accumulation are essentially different for steels and aluminum alloys. 
2.2. Non-stationary loading  
Under non-stationary loading, the process of cyclic strengthening begins again each time when  increases, 
and only the last stage explicitly includes both A and B stages of damage accumulation. However, if instead of 
change in , the analogous change in  (summation is performed over numbers of all cycles at one 
loading step), the stages A and B are also evident as in the case of the stationary loading. Fig. 3(a) demonstrates the 
experimental diagrams represented by curves of  versus P  for non-stationary cyclic loading of St3 steel. 
max
P
wδ ( )w Nδ¦
w
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Fig. 3. (a), (b).  
The non-stationary loading with decreasing  shows that the initial overload of material provokes 
consequences, which may affect fracture process when loading with the low  value is applied again. Given in 
Fig. 3(b) are curves of  versus  for cyclic loading of D16Ɍ duralumin when decrease in  is step-like. Here, 
after some initial  value, monotonic nonlinear increase of is continued even for significant decrease in 
the  value. Beginning from the fourth step,  also increases. As a result, the specimen rapidly losses its 
load capacity. The tests also show that the increase in  after several steps of such loading leads to significant 
inelastic strain with strengthening for values of the force , which earlier were appropriate to  the linear 
dependence of the deflection on the applied force. This fact evidences that repeated loadings of a material 
preliminary experienced overloading leads to significant material damage even this loading is not followed by 
noticeable increase in the residual strain. 
max
P
(w Nδ
max
P
w P
max
P
max
P ( )w Nδ
P
max
P )¦
ma
P
x
2.3. The typical ratio 
The typical value for both stationary and non-stationary low-cyclic loading is the ratio between limit deflections 
for single and repeated loading (  and , respectively). The tests show that this ratio for material is constant 
when different schemes of stationary and non-stationary loading are applied. This allows one to use this ratio for 
comparison of results obtained on specimens with various geometrical dimensions and for different loading regimes. 
For steels St3 and 70G in the original state and the titanium alloy VT5-1,  with the accuracy to the 
determination errors of  and .  For steel ST45, . For duralumin, ; analogous relation is valid 
also for composites having a brittle matrix [10].  
*w
**w
**w
*w w≈
* *w w≥
**
* **w * *w w≤
2.4. Preliminary inelastic strain  
Preliminary inelastic strain of a material, from which the specimens have been made, essentially influences  
material resistance to cyclic fracture. Thus for steel St3,  significantly decreases as compared to , the change 
in  being independent of the scheme of cyclic loading. This is obvious from Fig. 4(a), where the experimental 
diagram as plots of  versus is given for cyclic loading of St3 steel preliminary stretched by 15%. It should be 
noted that the change in  is the same for different schemes of non-stationary loading. For all materials, and
values decrease. In this case, the change in the ratio between  and  is observed only under preliminary 
inelastic strain close to the limit of material deformation (on the horizontal section of the diagram). As an 
example, Fig. 5 displays the experimental diagrams with curves of  versus  (Fig. 5 (a)) and the 
diagram (Fig. 5 (b)) for D16Ɍ duralumin with various degrees of preliminary stretching: diagram 1 for 
original materials, diagram 2 for materials stretched by 5%, and diagram 3 for materials stretched by 10%. All the 
specimens were loaded for the same 
max
 value, but in Fig. 5 (a), diagrams for three tests are displaced, for 
convenience, from each other along the horizontal axis. In Fig. 5(b), the square of figure under the curve 
**w *w
**w
**
(w N
w P
**w *w
w
δ
*w **w
w
( )w Nδ
P
)
P
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characterizes the limit deflection , which decreases as preliminary stretching increases. However, the decrease in 
 is followed by the decrease in . This leads to increase of the limiting number of loading cycles. 
**w
wδ**w
     
Fig 4. (a), (b) 
 The decrease in wδ  under inelastic strain is also observed when other materials are used. Thus, in Fig. 4 (b) there 
are given diagrams for St3 steel with various degrees of preliminary stretching: state 1 for original 
materials, state 2 for materials inelastically stretched by 13%, and state 3 for materials inelastically stretched by 
15%. The peaks correspond to increments of deflections when  increases. Here the average value  for state 2 
is less than that for the initial state. Meanwhile, in state 3, at which significant change of the ratio between  and 
is observed,  significantly increases. 
(w Nδ
δ
)
w
max
P wδ
*w
**w
max
P
2.5. Variation in the notch depth 
Comparison of tests conducted on beams with a notch of different depths has shown that if diagrams  
have been constructed for some notch depth l , the diagrams can be used to obtain analogous diagrams for other 
values. Assume that  diagrams have been constructed for the notch depth , and for the notch depth 
there is only a diagram with curves of   versus  for single loading. The value of maximum applied force 
 corresponds to some deflection  for  under single loading. The limit deflection of cyclic loading 
for this notch depth being , and the limit deflection of the single loading being  . In this case, the 
curve of damage accumulation 
( )w Nδ
1
*w
l
2l( )w Nδ
**w
1l
w P
1l1= P 1ww =
1
**w
(1
=
*w =
)f N  for ,  can be used to obtain the curve 1P Pmax = 1ll = ( )2f N
2w
 for ,
. Here   is the force for which a specimen  with the notch depth  has the deflection w  such that 
2max =P P
2ll = 2P 2l =
1
1 2
** **
w w
w w
=
2 , where 2 1 1 2
1 2 1
** ** ** *
* * *
w w w w
w w w
= =2
**w .
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Fig. 5 (a), (b) 
2.6. Interaction of symmetric cracks 
It is pertinent to note one more effect observed in experiments. In connection with a finite width of the notch tip 
width, two symmetric cracks are formed, extension of which leads to failure of the specimen. For most of materials, 
one of these cracks has advantage, as a result of this, the second crack remains in its infancy. However, there exist 
materials (St45 steel, for example), in which non of cracks have advantage over most of the process of cyclic 
loading. Cracks advance by turns with a consequent redistribution of stresses and peculiar balancing the fracture 
processes. As a result of this mechanism, material resistance to cyclic fracture is increased. In particular, it turns out 
to be . This property is kept also with preliminary inelastic material deformation. *w w≤ **
3. Comparison between the test results and theoretical notions  
In [5], the model of low-cyclic fatigue describing pulsing loading of a specimen with the inner macrocrack has 
been proposed. This model is appropriate to the scheme by Laird-Smith [3, 4]. Within the framework of the 
proposed model in [5], information on material strain in the pre-fracture zone has been obtained in detail: processes 
of damage accumulation, step-wise crack tip advance, and failure of structures for pulsing loading are described. 
Accumulation of damages is associated with inelastic strain of materials in the pre-fracture zone. The simple 
relations for the critical fracture parameters and the fatigue life have been obtained. Attention should be paid to the 
following circumstances: in the foregoing model, the information of damage accumulation and the hypothesis 
concerning the crack arrest are essentially used. Emphasize that when damages are accumulated, just as linear, so 
nonlinear summation of damage in the pre-fracture zone material may occur in the context of the considered model. 
In deciding between one or another way for summation of damages, early no experimental data on damage 
accumulation at each loading step were available. The experimental data described in the previous section make up 
this deficiency. 
The model in [5] describes occurrence of striations under fatigue fracture. Material is considered to consist of 
quasi-brittle fibers separated by thin layers, which possess quasi-ductile fracture type before strain, and after 
inelastic strain of layers, the fracture type changes to quasi-brittle. The fiber diameters coincide with diameters of 
grains of tested materials (the diameters of grains are  cm), and the fiber widths coincide with the thickness of 
layers separating subgrains. The width of the layers is  cm. Further we assign numeral 1 to the fiber material 
and numeral 2 to the thin layer material. Properties of the layer material allow description of occurrence of some 
marks (whiskers or ears) from fatigue striations. In essence, in work [5] there is considered the behavior of the 
simplest composite medium, material of which changes its fracture type under inelastic strain.  
210−≈
10−≈ 4
For deriving sufficient fracture criteria [5] for low-cyclic fatigue, modification of the classical Leonov-Panasyk- 
Dugdale model [6] is used, where the pre-fracture zone is a rectangle ahead of the crack tip. The modification of the 
classical Leonov-Panasyk- Dugdale model allowed one to describe not only the pre-fracture zone length at
every loading cycle, but a magnitude of inelastic strain under stretching   for  material of the  pre-fracture zone 
fiber nearest to the macrocrack center 
1σ +Δ
σε +
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ere  is the amplitude of pulse loading;  is the limit of elasticity;  and  are integers ( 1 is the 
nu e first m
H aσ 1mσ
 th
rs; 
1n 1k
a
1 1 ,n k k≥
ecificmber of damage-free material fibers); 1 1n r  is e averaging interval for th terial; 1r  is the sp linear 
dimension of the first material structur 02l  and 0 12 2 2l l σ += + Δ  are lengths of initial and fictitious cracks, 
respectively; 1G  is the shear modulus of fibe 3
e; 
4η μ= − ) ( ) and (3 1η μ μ= − +  are coefficients for plane strain 
and plane s ss state, respectively, where tre μ  is th issone Po relations (1), the restriction 
( )( )
 ratio; for
1m1 5 1 0Gε πσ η− + >  holds. 
g, when
σ +
Under cyclic pulse loadin  the scheme of three-point bending is used, hysteresis loops take the form given 
in 
s are op t p is 
Fig. 6 (a). These hysteresis loops with translation differ from the standard statement in the model in [5], in which 
the scheme of rigid loading under unloading is accepted. In Fig. 6(a), ( )1
iε is the limit elongation of original materials 
for 0i = ; that after the first inelastic strain is 1i = ; that after the second nelastic strain is 2i = , and etc. First three 
loop  depicted with lines widen from one lo o another, and the onset of the fourth loo depicted with dots.  
 i
                      
Fig. 6, (ɚ), (b) 
onsider a typical situation. Let failure occur at the fourth loading cycle. During the strain process, the material 
elo
 zone length  after the step-wise 
rea
roc
gth , where
C
ngations at the real crack tip coincide with the limit material elongation (3)1ε  after the third inelastic strain of the 
fiber nearest to the real crack tip (Fig. 6(a)), and the crack tip being advanced
Recall that the crack length in the model in [5] changes by the pre-fracture
.
1σ +Δ
ecoml crack tip advance, and under the repeated loading, materials in the pre-fracture zone b e brittle [1, 3, 5]. 
Each such advance is associated with the certain number of cycles when linear and non-linear damages are summed.  
The performed tests show that the initial state of material, which falls into the pre-fracture zone, influences  the 
process of the step-wise crack tip advance. The magnitude of inelastic strain under stretching σε +  and the pre-
fracture zone length 1σ +Δ  depend on: i) load amplitude aσ ; ii) initial crack length 2l ; and iii) pre nary inelastic 
strain of material. If ependence of the basic parame r of inelastic strain σε + on 2l  is weak, then for the pre-
fracture length 1σ +Δ , the analogous dependence is pronounced. The last depen ce scribed the passage of the 
second fracture p ess to the third one on the Paris curve [1, 2]. 
Elucidate the step-wise advance of the real crack tip by the len
limi
the d te
den de
1 1σ σχ∗ + +Δ = Δ χ  is  such a coefficient 
that for quasi-ductile layers 1χ = , and for quasi-brittle layers 1χ > .
The most important quest s as follows: what is a distance from the crack ion i onset where the crack will arrest? In 
the model in [5], the case of original material loading is considered when the layers possess the quasi-ductile 
fracture type. Because of this, the ratio 1χ =  holds. After preliminary inelastic strain of a material from which 
specimens have been made, embrittlemen  layer materials occurs, and the ratio 1t of a χ >  can hold (compare Fig. 
3(a), where * **w w≈ with Fig. 4(a), where * **w w> ). The step-wise crack tip advance omposite materials with 
quasi-ductile brittled layers elucidates the scheme in Fig. 6(b). At the scheme top, the right-hand tip of a 
blunted crack is shown before its start. In the middle part of the scheme, the crack tip advances by the segment 
 in c
 and em
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1σ +Δ , then the crack is blunted at the mesoscale, see ratio 1χ = . At the scheme bottom, the crack tip advances by 
gment 1σthe se χ +Δ , and then the crack is blunted at the mes e, see the ratio 1oscal χ > . In tests shown in Fig. 4 (a), 
this coefficien 1.25t is χ ≈ .
In essence, just e as in th model in [5], so in foregoin ental results, the distinct influence of the single 
metals [1, 7, 8] under cyclic 
ime models hic overload of a structure 
g experim
par
loa
wit
ameter on the process of damage accumulation under cyclic pulse loading is traced.  In the model in [5], it is the 
parameter that characterizes inelastic strain of material in the pre-fracture zone σε + , and in experiments, it is the 
parameter, describing inelastic (residual) deflection of beams. In experiments,  residual deflection of beams 
characterizes both advance of the real crack tip and development of the pre-fracture zone after each loading cycle. 
The experimental results obtained agree with the diagram of fatigue failure  with various kinds  of relief elements 
formed as a result of fatigue fracture seen in Fig. 3.23 from [2], just as the theory described in [5], so the 
experimental data being correspondent to the second and third stages of the Paris curve. 
The model in [5] gives no preference to linear or nonlinear summation of damages in 
the
 catastrop
ding. The performed tests show that damage accumulation, in general, is always nonlinear, however, if the 
loading is performed for 
max
P  near to the limit of the specimen plasticity, there exists, as a rule, the large interval on 
the axis of the number of cycles N , where the wδ  value is close to its minimum for given 
max
P value. Within this 
interval, the damage accumulation may be considered to be linear as it is under non-stationary loading with 
max
P
values close to the limit of plasticity. In both cases, the model proposed in [5] and the obtained experimental results 
agree well. In this case, the hypothesis concerning a crack arrest holds [5]: a crack arrests at the interface between a 
fiber and a layer and then it is blunted. This layer is the first one located beyond a pre-fracture zone 1σ +Δ , and the 
zone itself is located in material not subjected to some plastic strain. 
When a loading regime with increased 
max
P  is considered (this reg
h crack), the model like that in [5] is osed, and the experimental results obtained agree essentially worse. 
Such disagreement of theoretical notions [5] with the experimental results is explained by the relations 1
prop
χ =  or 
1χ > . After the first catastrophic series of loadings, the intensity of damage accumulation process in rial 
icantly increases. In this loading regime, the refined hypothesis 1
mate
signif χ >  concerning crack arrest holds: a crack 
arrests at the fiber-layer interface at the distance 1 1σ σ
∗
+ +Δ > Δ  and it is blunted, this layer is located beyond the pre-
fracture zone 1σ +Δ , and the last is in materia already been subjected to some plastic strain and 
embrittlement [1, 3, 5]. 
l that has
dge
4.
at
on a 
reg
Conclusion
Recording the diagrams for beams with the e crack allows  both damage accumulation 
eginni re of a specimen structure) 
red. These 
s
loading description of
ng of failu
the macroscale and failure of constructions at each loading cycle. The damage accumulation in the pre-fracture 
zone is associated with the residual deflection of beams after unloading. 
Preformed tests provide the interrelation between the specific point (b
plot of the whole deflection versus force under single loading and the analogous point on the plot under low 
cyclic loading. In the first approximation, these specific points coincide in the parameter characterizing the whole 
deflection for original materials and those subjected to preliminary inelastic strain before some limit. 
In the paper, loading regimes with gradual overloading and with increased loading have been conside
imes model a common situation and catastrophic overloading under cyclic loading. The results obtained may be 
useful in the following cases: in prediction of fatigue life of the structure with a crack and in analyzing situations 
after overloading. 
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